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Abstract: We study compactification of five dimensional ungauged J\f = 2 super- 
gravity coupled to vector- and hypermultiplets on orbifold S^/Z2. In the model, the 
vector multiplets scalar manifold is arbitrary while the hypermultiplet scalars span 
a generalized self dual Einstein manifold constructed by Calderbank and Pedersen. 
The bosonic and the fermionic sectors of the low energy effective A/" = 1 supergravity 
in four dimensions are derived. 
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1. Introduction 

Compactification of the five dimensional M = 2 supersymmetry on singular space 
has achieved phenomenological interest since it provides M = \ supersym- 
metry in four dimensions. Furthermore, four dimensional M = \ vacua for the 
supersymmetric versions of the two branes Randall- Sundrum scenario of the five di- 
mensional M = 2 supergravity has been obtained in |[l| . In this scenario one places 
two 3-branes with opposite tension at the orbifold /'L2 which is the boundaries 
of (4-1-1 )-dimensional Anti de Sitter spacetime. The distance between the branes is 
set by the expectation value of a modulus field, called radion. Furthermore, starting 
from the simplest model, namely pure supergravity theory one can derive the effec- 
tive M = 1 theory as it was shown in p[. 

A model consists of single hypermultiplet whose moduli space of toric self-dual 
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Einstein (TSDE) in five dimensional M = 2 supergravity has been studied to con- 
struct domain wall solutions 0. They investigated the associated supersymmetric 
flows to prove the existence of domain walls which admit Randall-Sundrum flows. 
However, in this model, the Kahler subspace of the TSDE is still unclear. 

The purpose of this paper is to obtain a four dimensional M = 1 theory via 
l%2 compactiflcation of the flve dimensional N = 2 supergravity coupled to ar- 
bitrary vector multiplets and a hypermultiplet which is chosen to be a generalized 
self dual Einstein manifold admitting torus symmetry constructed by Calderbank 
and Pedersen Our aim is to flnd the Kahler subspace of toric self dual Einstein 
(TSDE) spaces. 

Our starting point is the flve dimensional M = 2 supergravity coupled to arbi- 
trary vector multiplets and a hypermultiplet. First, the theory can be compactifled 
down to four dimensions along an of radius R parametrized by Xs, resulting in a 
nonchiral four dimensional M = 2 theory. However, we are interested in the chiral 
four dimensional M = 1 theory. Second, to obtain a chiral four dimensional M = 1 
theory, we consider compactiflcation of the coordinate on the 5'^/Z2 orbifold. The 
Z2 action is as usual X5 — X5 and two flxed points are at X5 = and X5 = ttR. We 
begin to mod 5*^ by Z2. In order the reduction to be consistent, we must flrst make 
a certain parity assignment to the flelds such that the Lagrangian is invariant under 
X5 — > —x^. Then, when is modded out by Z2, only the even parity flelds survive 
on the two flxed points. 

The paper is organized as follows. Section 2 briefly reviews the ungauged flve 
dimensional Af = 2 supergravity coupled to vector- and hypermultiplets. We present 
the action of the ungauged flve dimensional M = 2 supergravity. Section 3 presents 
a detailed derivation of the compactiflcation of flve dimensional M = 2 supergravity 
coupled to vector multiplets and hypermultiplets. First, we discuss some basic analy- 
sis of the 11^2 orbifold compactiflcation. The starting point is the bosonic sector of 
the flve dimensional M = 2 supergravity theory. Second, after modding out Z2, the 
odd flelds are projected out and the surviving flelds flt into multiplets of the chiral 
four dimensional M = 1 supergravity. The boundary action arising from dimen- 
sional reduction can be constructed in a straightforward way and it is obtained by 
truncating four dimensional M = 1 supergravity according to the Z2 projection. We 
present then the resulting of the compactiflcation of the bosonic and the fermionic 
sector. We conclude our results in section 4. Finally, in Appendices A, B and C we 
summarize our notation, convention and some of the detailed calculations. 

2. Ungauged five dimensional J\f = 2 supergravity 

This section describes supergravity theory in flve dimensions with M = 2 super- 
symmetry in which a supergravity multiplet is coupled to matter multiplets. The 
coupling to vector multiplets was given in |^ and the addition of tensor multiplets 
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was considered in 0. Furthermore, the full couplings of A/" = 2 supergravity theory 
in five dimensions was constructed in ^j.^ 



2.1 Pure gravitational multiplet 

Five dimensional gravitational multiplet consists of the metric gj^y, doublet sym- 
plectic Majorana gravitinos ip^j^ and a vector field Af^ (graviphoton) |10|. The greek 
hatted indices are five dimensional space-time indices and run over values 0, . . . , 3, 5. 
The index i of the gravitinos runs from 1 to 2. 

The bosonic part of the action for the gravitational multiplet takes the form: 



2k^ 



"^5 



R + Ff^.F^" + e^^^^^Ff.^Ff.^A-^ 



(2.1) 



6V2v-g 

Furthermore, one can also couple the pure M = 2 gravitational multiplet to arbitrary 
number of vector- and hypermultiplets. This will be discussed in the next section. 

2.2 Couplings of vector- and hypermultiplets 
2.2.1 The scalar manifold 

First, let us describe ny vector multiplets of TV = 2 supergravity^. We now have 
ny + 1 vector fields A^, ny symplectic pairs of gauginos A*", and ny real scalars 0^. It 
is convenient to group vectors with the graviphoton so that the index J = 0, 1, . . . , 
and a = 1, . . . , riy are corresponding flat space indices. The kinetic term of the scalars 
defines the sigma model: 

Ck^n = -^g,y{(P)df,rdf'<f)y. (2.2) 

The vector multiplet scalars (p^ , x = 1, . . . ,ny, parametrize the target space S where 
X represents curved indices. The metric Qxy can be interpreted as a metric on a 
Riemannian manifold S called the very special real geometry because it can be viewed 
as a hypersurface by an ny polynomial of degree three 

N{h) = CijKh^h-'h^ = 1 , (2.3) 

where = h\4>^). Moreover, the gauge coupling of the theory can be expressed as 

Restricting to the submanifold we can then write the metric gxy{<P) 



""^See also Q and references therein. 

^We omit tensor multiplets for simplicity. For TV = 2 supergravity coupled to tensor multiplets 

see 
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Secondly, we discuss uh hypermultiplets in which it contains Ann real scalars q-^ 
and 2nH symplectic Majorana fermions (hyperinos) C,^ where X = 1, . . . ,4nH and 
A = 1, . . . , 2nH- As in the previous case, the central object is the metric qxy of the 
sigma model: 



kin 



':9xY{q)df.q''d^q'. 



(2.6) 



Again, qxy is the metric on a Riemannian manifold Q on which the scalars q^ 
are the coordinates and thus X = 1, . . . ,4nH are the curved indices labelling the 
coordinates. Local supersymmetry further implies that Q has to be a quaternionic 
Kahler manifold |Tl|. 

Thus from the above discussion it shows that the scalar manifold is a direct 
product of a very special manifold S and a quaternionic manifold Q: 



M = S®Q, 



(2.7) 



with (f)'^ eS, q^ e Q. 

We now write the action of A/" = 2 supergravity which is needed for our analysis^ 



S 



1 



4 



6\/6\/—g 
in^ /2 f 1 



el'^P^^CijKFLFLA 



per A 



^4 V 3 V4 
where the covariant derivatives are given by 



16^5 



g.yhi + T^y.h] x^r'Fi.xy + ^^hrur'FU 



1 



(2.8) 

(2.9) 
(2.10) 
(2.11) 



2.2.2 Toric Self Dual Einstein Spaces 

Let us now consider the hypermultiplet sector that is four dimensional {uh = 1) 
which has self dual property beside Einstein spaces. Our choice is the most general 
space admitting isometry which has been shown in H. The metric has the form 



1 



p 



^For complete action see 
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2 2 

((/ - 2pf,)a - 2pf^(5) + ( - 2pf^a + (/ + 2pf,)(3) 
H ^ A ^' ^2.12) 

where a = ^/pd(j) and [3 = {dip + rjdcf)). The function f{p,ri) satisfies the Laplace 
equation in two dimensional hyperbolic space spanned by (p, rj) 

p\fpp + U = lf, (2-13) 

with fpp — 1^ and /^^ = One takes p > and rj E M. while (0, ■0) ^-re 

periodic coordinates. Furthermore, it has positive scalar curvature if / satisfies 
P > Ap\fl + p^) and negative if p < Ap\p + p^). 

3. Compact ificat ion on the orbifold /'L2 

3.1 Analysis of the orbifold transformation 

Now we turn our attention to consider the five dimensional supergravity on the 
orbifold 5^/2,2 As we shall see that the five dimensional J\f = 2 supergravity is 
reduced to four dimensional J\f — 1 supergravity. 

There are two ways to employ the compactification on orbifold. In the so-called 
downstair approach, we consider the five dimensional supergravity with e 3^/1^2 — 
[0, 7ri?], so ~ + 27ri? and ~ —x^. Then, the five dimensional space-time is 
^d^n = M'^ X (-57^2) = X [0,rrR]. Locally, we still have ordinary the five 
dimensional supergravity, but on boundary special thing can occur. The boundary 
consist of two four dimensional space-time, one at = called and one at 
x^ = ttR called M'\ 

In the so called upstair approach, we consider the five dimensional supergravity 
with x^ on so that x^ ^ x^ + 2t^R and the five dimensional space-time is M^^ = 

X S^. Then, we define the orbifold transformation O by 

O : x''^-x'', x'^^x". (3.1) 

The fixed points of O are the points with x^ — Q or x^ — ttR, so the fixed points 
consist of two four dimensional space-time and M'^ which are the boundary 
of M^p. To get the same picture as in the downstair approach, we demand that 
the physics should be invariant under the orbifold transformation O. We must in 
particular have the distance ds^ invariant, 

ds"^ — Qfipdx'^dx^ 

= g^^dx^dx" -\- 2gi^r,dx^dx^ -\- g^^dx^dx^ 

^ gin.<J-r"d.r" + 2g^5dx^(-dx') + g^^(-dx')(-dx'). (3.2) 



^We discuss compactification in Appendix B. 
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The invariant properties of the distance require that 



9tiu Qfiu, ^/^5 ~fi'At5! 955 §55, (3-3) 

such that on and M'^, we have that g^^ = 0. 

Next, we analyze the gravitational part of the five dimensional supergravity 
action. Under parity transformation, the action become 



(Fx^J-gR^ j dx\-dx'')^/-gR= - j (fx^J-gR, (3.4) 

where R and \/—g are invariant under x^ — > —x^. Therefore, we need that the other 
terms change sign as well. 

The transformation of can be seen directly from the transformation of g^^ 

FU = ^/^^5 - d5Ai F/s, (3.5) 
from which it can be checked that FF-term changes sign: 

Sff = [ (fx^gauFluF^'' 

^ j ^.d''x)^gau{-Fl,){-Fpg^Pr 

+2 j (-rf'x)v^a,,(F^g(F/5)(-r)(-r) 
= - j d'x^gajjPLpf^'" . (3.6) 

Finally, we have A^ ^ A^. 

Since the orbifold 3^/1^2 has boundaries at the two fixed points, we have to add 
the extra terms to the action ( |2.8| ) and then get the modified action. First of all, we 
derive the equation of motion including variation of Ricci tensor. In other words, the 
derivative of the variation of the metric is not zero on the boundary. In the following 
we only consider variation of Ricci scalar which give the modified action of the five 
dimensional supergravity theory on orbifold, and then obtain the modified action of 
the five dimensional supergravity which can be written as 

S^f'^ = S + 2 [ P, (3.7) 

where E = h^-VfiN^ is the trace of the extrinsic curvature. In next section we 
discuss the second term of the above equation. 
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The variation of the five dimensional Ricci scalar is given by 



6S = / d^x 



d^x\/—g 



g-^R - r'rR^o 



Jpcr 



+ / d^'x^y-gV 



(3.8) 



where we have used 



VpV^(%,)j, (3.9) 

and the metric postulate V pg^^o = 0. After plugging (|3.9|) into ( |3.8|) , finally we get 



5S 



d xy'—g 



-gP^R - RP^ 



+ / d'x^/-gV^T. 



where 



Tf, = g^^iVpSg^u - Vf,6g0p). 
Using Gauss theorem, we can rewrite the last term of (|3.1CI|) : 



d'^xd^i^y-gT^ 



d^'x^y-gN^'T^ 



pi 



(3.10) 
(3.11) 

(3.12) 



as 



where A^'^ is the normal to the surface. This term is zero because the derivative of 
the variation of the metric is zero on the boundary. This term modifies the action of 
the five dimensional supergravity theory on orbifold . 

Next, after assuming Sgf^p is a constant on the surface dH, then the equation 
( P.12|) can be written down as: 



d^xd^^^-gT^ 



as 



d''x^/-gmh''PVp{6g 



i^pji 



(3.13) 



where we have used h^^V pdgf^y = 0. The boundaries can be considered as a four 
dimensional surface embedded in the five dimensional space-time. 

We now define a quantity E, whose variation equals to the equation ( p.l3| ). We 
have 

Ep, = h/VpN,, hf,, = gf,, - Nf,N,, (3.14) 



"p, ^ p^^v-i 



''pv 



where 



Nf, = ±51^,. (3.15) 
From the above equation we see that induced metric on the surface dH has 

/i55 = 0. (3.16) 
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The trace of extrinsic curvature E is calculated according to 



E = r'Ef,, = r'h/^pNo 

= h'%N, - ]^f^h'^[d^g'^, - digy^ + d~Ji,-^%, (3.17) 

where we have used definition of the Christoffel symbol. 

Now we use the fact that both ^/i£> and hy,i, are block diagonal 

E = h'%N, - If^ft'l'dpg,, 

-^gH'^dog,, + ^gH'^f^'^d.gopN, 
= \f''h''d,g,pN,, (3.18) 

where we have used the fact that h^^dog^^ = since this is a derivative along the 
surface and that the variation is zero on the surface. The second term of (|3.7| ) comes 
from variation of the extrinsic curvature ( p. 17] ), we get 



5E = ^m'f{Wf,Sgo^), (3.19) 



which is identical to (|3.13|) apart from the factor two. Here we are working in the 
massless sector of the theory, where d^c/f^p = so the second term of ( |3.7| ) does not 
contribute to our action. However if we are working in the massive sector, this term 
can not be ignored. In the following section we only consider the massless sector to 
obtain the low-energy effective action of the four dimensional N' = 1 supersymmetry 
theory. 

From the bosonic sector analysis, the five dimensional fields can be even ($(x^) = 
$(— x^)) or odd ($(x^) = — $(— x^)) under orbifold transformation. Note that the 
odd fields must either vanish or be discontinuous at the fixed points, hence they 
are not dynamical fields on the submanifolds. Identifying periodicity of the scalar 
fields in ( |2.12| ), $ — > $ + $0 with $ = (p, rj, ip, (p) and under orbifold transformation 
$ — >■ — $, we define the fields (p, 77) are even and {4',4>) are odd.^ 

The action of Z2 on the fermion fields and on the spinor parameter e of the 
supersymmetry transformations is defined as [|12|, |l^] : 



^;(a;^) = P(^)75M(g)*,^^(-x^) , (3.20) 
X\x') = P{X)^,M{qy,X^{-x') , (3.21) 



e [X 



- P(e)75M(g)^,£^(-x5), (3.22) 



5 



The odd parity of (p, 77) is not satisfied in tlie function F{p,ri), for example, for F{p,ri) 
^m^. See i. 
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where 

M'j = mi(g)(ai)',- + m2{q){a2Y , + m^{q){a^yj , (3.23) 

with mi, 1712, e real functions of q and P(^') = ±, \1/ = (XjipyS)- Decomposing 
the five dimensional spinor and its conjugate ^, into four- dimensional spinor, and 
following the convention in 0] it is given by 

= I h (3-24) 



>2u 



and 























{ ^) 







(3.25) 

J 

To complete the results of this section, we must first take certain parity assign- 
ments to the fields such that the action stays invariant under —x^. Then, when 
we mod out Z2, only fields of even parity survive on the two orbifold fixed points. 
The even parity fields are given by 

9iiu, 955,^1, p, r/, t/'s, C\ A^, e^, (3-26) 

and those of odd parity are given by 

^m5, 95,1, <f>, ^, ^/T, ^t, C^ A^, e", (3.27) 

where we define i/j"^ = ■^{'ipji i "^p- 
3.2 The bosonic sector 

In this subsection we derive the low energy effective A/" = 1 action via compactifi- 
cation of the bosonic part of the action of the ungauged M = 2 supergravity in five 
dimensions ( p.8|) on the orbifold /'L2 using the analysis above. 

Under the Z2 symmetry, the bosonic fields {g^u, §55, ^i, P,v) have to be even, 
while {g^5, Ajj^, 0, ip) are odd with respect to the orbifold transformation. The analy- 
sis of the orbifold transformation above are similar to compactification,^ however 
all odd fields are ruled out. Using the ansatz, 

ds'^ = A{x)g^udx^dx'' + B{x)dz^, (3.28) 

we find 

Ss^/z, = I d'^\^^{AB'/'R+^-A~'B'''d,Ad^A+^-B'''d,Ad^B 

J L 4 

'\ (i) ^B-''"-^jd,Aid^Ai - \ (I) AB^I^g^yd, 
^See Appendix B. 



(3.29) 
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To put the equation ( p.29| ) back into the canonical form, we perform a Weyl rescahng 
of the metric which is given by: 



So under this rescahng the equation (|3.29|) becomes: 
S 3^/12 = / 



(3.30) 



-^(R--dJnBdnnB 
2kI\ 8 ^ 



4p2 



P 



daps'" p + daVd'^T] 



(3.31) 



The four dimensional gravitational constant (I/K4) can be expressed in terms of its 
five dimensional counterpart as: 

(3.32) 



~ 27TR- 

The equation ( p.31| ) can be rewritten in the form: 



R - i^audah^d'^y - -aijd.Ald>'Ai 



kT''^^ 3- 



(3.33) 



where ajj = ^B -^ajj, = B^^'^h^ and we have used the identities 



hi = -^l —^h]^, h^h^j = 0, g^y = aijhihl, au = -2Cijk + ^hihj. (3.34) 



In ( ^.33| ), ny + 1 vector multiplet scalars 0^ appear through ny + 1 scalars subject 
to the constraint, 

CijKih)h^yh^ = B-^/\ (3.35) 
Now we consider the low-energy effective action of A/" = 1 supergravity in four 



dimensions. Therefore, we must show that the scalars in (|3.33| ) parametrize a complex 
manifold of the Kahler type. For that purpose, we define two new complex quantities, 
T and S: 



T' = -h' + ^f^Al 



K5 

S = — ip + ir]). 



(3.36) 
(3.37) 
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From this definition, the function f{p,ri) is replaced by f{S, S) and we get 

6 



aij 



fp = — (fs + fs) , 
fv = — (fs - fs) ■ 

^5 \ / 



(3.38) 
(3.39) 
(3.40) 



The Laplace equation ( |2.13|) can be casted into 

3/ 



fs 



'^^ 4(^ + ^)2' 

By substituting ( |3.3(j| ) and ( |3.38[ ) into ( ^.33| ), the action can be rewritten as 



(3.41) 



S: 



- / (fx^^r— f-— f-d^T^d^T^' 



fsfs fss 



f 



d^Sd^S 



d^xy^R- / d^xy/^Kjjd^J^d^T' 



where 



d^x^gKssd^^Sd^S, 



dS dS 



(3.42) 

(3.43) 
(3.44) 



The Kahler potentials are denoted by Ky and Kh which comes from the vector- and 
hypermultiplets, respectively. We find that 



K = Kv + Kh 

= -nflnlCjjKiT' + T'){T' + T'){T'' + T^] 

-Kf(^ln{S + S) + 2lnfy 
3.3 The fermionic sector 



(3.45) 



In the previous subsection we found the effective action for the bosonic sectors with 
the Kahler potentials is given by ( p.45|) . The rest is to derive the fermionic sectors of 
the effective four dimensional A/" = 1 theory. Since the ansatz metric is non-radion 
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background, the fermionic fields do not depend on and then the integral over the 
compact dimensions in the action yields just the volume which can be absorbed into 
the definition of the four dimensional gravitational constant. In other words, it is 
equivalent to integrate out the massive Kaluza-Klein modes and one keeps only zero 
modes in the effective description. 

Our starting point is the fermionic parts of the action ( ^.81 ). The kinetic term of 
the component is given by 



-9 



2kI^^' I6K5 



(3.46) 



It is convenient to combine two symplectic Majorana spinors into one even(odd) 
Majorana spinor in four dimensions, with the following convention 



(3.47) 



Using these definitions, we can rewrite ( p.46| ) in terms of even and odd combinations, 

^5 



s.. 



Ipip 



(fx 



I6K5 



+ h.c., (3.48) 



or 



5, 



(fx\/—g 



1 1 



2Ki 2 



+ h.c. 



where we have used 



(3.49) 



(3.50) 



The two fixed points require that certain Z2-odd fields have a step-function, namely 
sgn{z = x^). The step function sgn{z = x^) takes values —1 for x^ G [— vri?, 0] and 
+ 1 for x^ G [0,7ri?]. 

In order for the reduction to be consistent, we must make an ansatz for the 
gravitino as follows 



= -^C{x)ip^, ip = -^sgn{z)C{x)^^. 



(3.51) 



V2 ' V2 
where C{x) is an arbitrary function. After subtracting to each component and plug- 
ging the ansatz into ( p.49| ) we get'^ 



Ipip 



(fx 



1 1 ?\/fi 



16^5 ""^"2"'^ 



+ h.c. 



(3.52) 



^The detailed calculation is presented in Appendix C. 
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We note that the third term of the action ( 3.52 ) is the boundary term. This result has 
to be consistent with the upstair approach used in where one regards space-time 
as the smooth manifold M4 x subject to Z2 symmetry. Then, in the framework 
of the five dimensional supergravity we can write the total action by 

•S* = Sf)ulk + Shoundary^ (3.53) 

where Sbuik is given by ( p.8|) and Shoundary or Shrane in the context of braneworld is 
given by 

Sbrane = A / v^V^+7'^>+ - 6{z - vri?)] + h.c. (3.54) 



The bulk part of the action (|3.52|) can be rewritten as follows 

S^^ = ^ j d^x^/^^i/jpY^'D^^, + h.c, (3.55) 



where 



^{Kjd.T' - Kjd.T')^, + -^{Ksd.S - Ksd^S)^,. (3.56) 

After integrating ( p.55| ) with respect to G [—ttRjItR], we finally get 

1 
2k 



= -7TZ2 I d^^^^Y^'D^^P,. (3.57) 



4 

In the above expressions we have set C = B^^^ so that the covariant derivative in 
four dimensions becomes 

+ '-^(Ksd,S - Ksd,S)ij,, (3.58) 
and then used the spin connections in the metric background, 

(I'/' = - \iey - e'^e^dJuB, (3.59) 

^5a5 = -\B'/^e>;^d,lnB, (3.60) 



and S'j9(l)-connections, 



^^ = -^rfp+(^ + ^)rf^- (3.61) 
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The hyperino kinetic terms of the fermionic sector of the action (p.8|) is given by 



5, 



d xy — ^ 



ah - 



A =1,2. (3.62) 



We assume that the fields are independent of the fifth coordinate so that derivative 
with respect to fifth coordinate vanishes. The ansatz for the hyperino (even fields), 



(3.63) 



and we obtain 



(3.64) 



The covariant derivative for the hyperino in four dimensions is given by 



-| • 2 2 

^^C = d,C + 2^/Sa'>C - '-Y^^sd^S - Ksd,S)C + ^{Kjd.T' - Kjd,T')C. (3.65) 
Next we look at the gaugino kinetic terms 



S 



(fx\/-g 



1, 
2 



(3.66) 



For gaugino, the procedure is similar to the hyperino terms and we then obtain 

1 



S 



XX 



2/t| 



(3.67) 



where 



(3.68) 



Finally, by combining the results of the bosonic and the fermionic sectors we get the 
low-energy effective action of A/" = 1 in four dimensions: 



S. 



d=A — 2^2 / d'^^\^~g 



R + ^y^'b^^, - CYb.c - MYD^K 



-2KlKiid^T'd^T' - 2f^lKs-sd^Sd^S 



(3.69) 



where the covariant derivative of the spinors are given by ( ^.58| ), ( p.65| ) and ( |3.68| ) 
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4. Conclusions and Outlook 



In this paper we have studied 8^/2,2 compactification of the ungauged N = 1 super- 
gravity in five dimensions coupled to arbitrary vector multiplets and a hypermultiplet 
where the scalar fields span toric self dual Eintein spaces. The resulting theory is 
four dimensional M = 1 supergravity. In the bosonic sector we found that Kahler 
potential from the vector multiplets contribution has the form 

Kv = -Kfln (Cijk{T' + T')iT-^ + T-^")(T^ + T^)) , (4.1) 

and from hypermultiplets contribution are 

Kh = -Kf {ln{S + S)+ 2lnf) . (4.2) 

Furthermore, we have derived the fermionic sectors of the four dimensional A/" = 1 
theory. In general, our results confirm those in reference 0, where the effective the- 
ory was obtained by compactification from five dimensional supergravity down to 
four dimensions in the context of Randall-Sundrum scenario. 

It is also interesting to extend our scenario to the general case where the M = 2 
scalar potential reduced to the M = 1 scalar potential in terms of holomorphic su- 
perpotential. Another problem is to cancel anomaly of the orbifold model and find 
the gauge group on two orbifold fixed points such that the gauge and the scalar fields 
residing on the boundaries can be supersymmetrized. This can be done by modifying 
the boundary action but also one has to modify the supersymmetry transformation 
laws in both boundary and bulk fields. This problem will be addressed elsewhere. 

Note Added: During preparation of this manuscript we became aware of the 
independent work [15] which has some overlaps with our results. 
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A. Conventions and Notations 

The purpose of this appendix is to collect our conventions in this paper. The space- 
time metric is taken to have the signature (— , +, +, +, +) while the Ricci scalar is 

. The Christoffel 



2^P 



pv 



defined to be i? = g 

symbol is given by = \gp"{d^gpa + dpg^„ - d^g^p) where g^^ is the spacetime 
metric. 
Indices 

/i, z> = 0,...,3,5 label curved five dimensional spacetime indices 

a, 6 = 0,..., 3, 5 label fiat five dimensional spacetime indices 

/i, z/ = 0, 3 label curved four dimensional spacetime indices 

a, 6 = 0, 3 label fiat four dimensional spacetime indices 

i,j = 1,2 label the fundamental representation of 

the i?-symmetry group SU{2) ® U{1) 

x,y, z = l,..,ny label the real scalars of the Af = 2 vector multiplet 

I, J,K = 0, 1, .., riy label the vector multiplets 

X,Y, Z = 1, 4n/f label the real scalars of the M = 2 hypermultiplet 

A, B = 1, 2nH label the fundamental representation of Sp{2nH) 

B. Five dimensional Supergravity on 

In this section, we derive the dimensional reduction of the bosonic part of the five 
dimensional supergravity action on 5*^.^ The class of four dimensional theories ob- 
tained in this way are only a subclass of the general four dimensional Af = 2 theories 



[0. In general, we can choose the metric to be 

dsj = A{x)gp^dxPdx'' + B{x)dz^ 

= g^odx^dx^ (B.l) 

where A and B are arbitrary functions. We have 

g^u = A{x)gpy g^^ = B{x). (B.2) 
*This has also been discussed in the appendix of [E6|. 
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The gravity term in the supergravity Lagrangian reduced to 



gR ~ 



2 2 



(B.3) 



where ~ means equal up to a total derivative. The FF-term we are going to reduce 

1 ^ . . 
UF = --y^ajjFLFf^''. 

In order to get the massless sector we divide Pf^^ into {F^j^,Fl^^). Then, we take 
Fourier expansion of this term and keep only the lowest order terms which should be 
independent of x^. We then have that 

-\y^ajjFLF^'' = J-^B'/^jF^^F^-^' 

J-^AB~'/%jd,Aid^Ai, (B.4) 

where A^ are the fifth component of the vector fields. The vector multiplet scalars 
sector reduce to 

1 



2V -gg.ydf.rd'-^P' 

^^AB'/'g^yd.rd'-r- (B.5) 



The hypermultiplet sector reduce to 



A = -\\/^9xYdf,q^dl'q' 



1 
2 

Moreover The Chern-Simon term can be simplified 



--^gAB^/^gxYd,q''d>'q''. (B.6) 



r ^ ^jiupa\/~i fpl TP J aK 

= :^/'''''CuKF;Ji^A^ 

^ .e^^^'^CuKFlX.A^- (B.7) 



2^" — p- 5 

Collecting the above results, the bosonic part of the reduced supergravity Lagrangian 
is 

1 .51 1 3„ , . 3 



= — AB^'^R - -ddnAdHnA - -ddnAdnnB 

-^AB'/'g,yd,rd^(l>y - -^B^/^a,jFl^F^^' 
-\AB-'l\ud,Ald^Ai - ^CukFI^F^'^'A^. (B.8) 



-17- 



Here, we only consider the arbitrary function A = A{x) and B = B{x). To put 
the equation ( p.8|) back into the canonical form, we perform a Weyl rescaling of the 
metric which is given by: 

g^, A-^B-^'^g^,. (B.9) 
So under this rescaling the lagrangian becomes: 

-^Cll = \r- du{h^)d,h'd^h' - hjj{h^)d,Aid^Ai 

-'-^B^I-'auFl^F^^' + ^CukFI^F^^'A^, (B.IO) 

where a/j = \B^^aij and h} = B^^'^h^ . The Chern-Simons term vanishes identically 
for the non abelian case. 



C. Some detailed calculations of the fermionic sectors 



The five dimensional spinor \1/ and its conjugate \& can be written into four dimen- 
sional form which are \1/ = (V'i) V'^j?)"^ cind \1/ = {ip"^^ , . Plugging this definition 
into ( p.49| ) we get 



5", 



(fx\/ —g 



-hiFL^pl^f^^p-^ljl - ^hiFi-^]Y^P^ij^ 
I6K5 P"^^^ I6K5 P"^^^ ^' 



(c.i; 



By using ■i/'i = -^(V'y]^ + "^^ ) and = :^('^/[ ~ V'/i )> can be rewritten as 

1 1 



S.. 



tptp 



d^xy^ —g 



+ h.c. 



(C.2) 



Now we split the space-time coordinates into: 



+i^tY'''i^t + ^tY^'^i^: + i^tY'^'^i^t ) - (+ ^ -) 



5upa 



+ h.C.. (C.3) 
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By inserting the ansatz for the gravitino ip^ = sgn{z)ip'^ and ip^ = sgn{z)ip^ , ( |C.3| ) 
becomes 



1 



1 1 



(1 - sgn{zf) i^tY'^D.i^t + i'tY''^ D.^^t 



^5 

+h.c., 



(C.4) 



where we have used d^sgn{z) = 2S{z) — S{z — nR). For any values of the sgn{z) we 
get 



1 1 
2^2 



+h.c.. (C.5) 
Next, compactification of the bulk gravitino can be done by inserting the ansatz 

( p.ll| ), one obtains 



ip^ = -^C{x)ip^ into ( |C.5| ) and by using the covariant derivative of the gravitino 



24 



24 



24 



24 



4 



fv 



f 



1 , /. 



2p / 



d x\/ —g 



4 4/€5 



hidpA^^^Y^'^v + /i.e.. 



(C.6) 



From the bosonic sectors we have obtained the equation (|3.36|) - (|3.4CI| ). Inserting 
these equations into (|C.6| ), one obtains 



24 



+ 



d'xy^g^^.Y^'' 



Vs 1 
f S + S 
1 



—Q 

4(T^ + T^) ^ A{Ti + T^) 



/ 5 + 5 



+ /i.e., 



where the Kahler potential ( |3.45|) we have 

dK 1 



dS 



Ka 



Vs ^ 1 



/ S + S 



(C.7) 



(C. 
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Kj 
Kj 



OK 


1 


dS 




dK 


3 


dT^ 




dK 


3 


dTi 





Vs ^ 1 



/ s + s 
1 



(C.9) 
(C.IO) 
(C.ll) 



so that we get the equation ( |3.55D . The spinors in four dimensions are then defined 

by 



and one obtains 



s.. 




(C.12) 



(C.13) 



Integrating out the above equation with respect to x^ G [—ttR, ttR] , it finally results 



5, 



Ipip 



24 



d^x 



2ttR 



(C.14) 



where we have set C = A while in the bosonic sector we have taken A = 

B~^/'^ such that the covariant derivative of the gravitino in four dimensions is given 
by (|338|). 
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